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REALIZATION OF QUANTUM GROUP POISSON BOUNDARIES
AS CROSSED PRODUCTS
MEHRDAD KALANTAR, MATTHIAS NEUFANG AND ZHONG-JIN RUAN
Abstract. For a locally compact quantum group G, consider the convolution action of a quantum
probability measure µ on L∞(G). As shown by Junge–Neufang–Ruan, this action has a natural extension
to a Markov map on B(L2(G)). We prove that the Poisson boundary of the latter can be realized
concretely as the von Neumann crossed product of the Poisson boundary associated with µ under the
action of G induced by the coproduct. This yields an affirmative answer, for general locally compact
quantum groups, to a problem raised by Izumi (2004) in the commutative situation, in which he settled
the discrete case, and unifies earlier results of Jaworski, Neufang and Runde.
1. Introduction and preliminaries
Poisson boundaries and harmonic functions have played a very important role in the study of random
walks on discrete groups, and more generally in harmonic analysis and ergodic theory on locally compact
groups (see for instance Furstenberg’s seminal work [6]). The noncommutative version of this concept can
be considered in two different directions: one replaces L∞(G) by certain quantum groups, such as its dual
(quantum) group von Neumann algebra V N(G) or quantum groups arising from mathematical physics;
in another direction, one can perform the quantum mechanical passage from L∞(G) to B(L2(G)).
In the first direction, Chu–Lau [2] studied the case of V N(G), and Poisson boundaries over (discrete)
quantum groups were first investigated by Izumi [9], in particular for the dual of Woronowicz’s compact
quantum group SUq(2). Izumi’s results were further generalized to other discrete quantum groups by
Izumi–Neshveyev–Tuset, Tomatsu, Vaes, Vander Vennet and Vergnioux ([12], [25], [26], [27]).
The second way of quantization has been studied by Neufang–Ruan–Spronk in [19], based on a natural
isometric representation Θ of the measure algebra M(G) of a locally compact group G, as completely
bounded maps on B(L2(G)), extending the convolution action of measures on L∞(G) (cf. [7], [24]). The
structure of the Poisson boundary at the level of B(L2(G)), associated with a probability measure, has
been analyzed by Izumi in [10, 11] for discrete groups, and by Jaworski–Neufang for locally compact groups
in [13], answering a question raised in [10]. Dually, [19] investigates the extension of the pointwise action
of the completely bounded Fourier algebra multipliers McbA(G), from V N(G) to the level of B(L2(G));
the structure of the corresponding Poisson boundary associated with positive definite functions has been
described in [20], providing a noncommutative analogue of the situation considered in [2].
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In this paper, we combine these two quantization methods: for a locally compact quantum group G, we
consider the natural extension of the action of a quantum probability measure µ on L∞(G) to B(L2(G)),
as introduced and studied by Junge–Neufang–Ruan in [14]. We completely describe the structure of the
Poisson boundary HΘ(µ) of the induced Markov operator Θ(µ). The main result (Theorem 2.4) of the
paper gives a concrete realization ofHΘ(µ) as the (von Neumann) crossed product ofHµ with the quantum
group G under a natural action.
To obtain an action of the quantum group G on the Poisson boundary, it is natural to consider the
restriction of the co-multiplication to the latter. In our setting, a difficulty lies in the fact that in general
L∞(G) need not have the slice map property (Sσ); for instance, given a discrete group G, V N(G) has Sσ
if and only if G has the approximation property (AP), cf. [8]. Note that this problem does not arise in
the case of commutative or discrete quantum groups G since L∞(G) then has Sσ. We solve this problem
by using the Fubini product, a tool from operator space theory.
In [10, Theorem 4.1] Izumi proved a crossed product formula for Poisson boundaries associated with
ℓ∞(G), where G is a countable discrete group, and as a direct consequence he concluded that the natural
action of G on its Poisson boundary is amenable. Hence, he provided a new proof for this well-known
result of Zimmer [28], and therefore raised the question if such an identification result extends to all second
countable locally compact groups [10, Problem 4.3]. This problem was answered affirmatively in [13]. The
present paper answers Izumi’s question even in the setting of locally compact quantum groups G. As a
corollary, we conclude that the crossed product von Neumann algebra of the natural action of G on its
(noncommutative) Poisson boundary is injective.
We recall some definitions and preliminary results that will be used in the sequel. For more details on
locally compact quantum groups we refer the reader to [17], [18].
A locally compact quantum group G is a quadruple (L∞(G),Γ, ϕ, ψ), where L∞(G) is a von Neumann
algebra, Γ : L∞(G) → L∞(G)⊗¯L∞(G) is a co-associative co-multiplication, and ϕ and ψ are (normal
faithful semi-finite) left, respectively, right invariant weights on L∞(G), called the Haar weights. The
weight ψ determines a Hilbert space L2(G) = L2(G, ψ), and we obtain the right fundamental unitary
operator V on L2(G)⊗ L2(G), which satisfies the pentagonal relation V12V13V23 = V23V12. Here we used
the leg notation V12 = V ⊗ 1, V23 = 1⊗V , and V13 = (ι⊗χ)V12, where χ(x⊗ y) = y⊗x is the flip map
on B(H ⊗ K). We will also use the flip map σ defined on H ⊗ K. The fundamental unitary operator
induces a coassociative comultiplication
(1.1) Γ˜ : x ∈ B(L2(G))→ Γ˜(x) = V (x⊗ 1)V
∗ ∈ B(L2(G)⊗ L2(G))
on B(L2(G)), for which we have Γ˜|L∞(G) = Γ.
Let L1(G) be the predual of L∞(G). Then the pre-adjoint of Γ induces an associative completely
contractive multiplication
(1.2) ⋆ : f ⊗ g ∈ L1(G) ⊗̂L1(G)→ f ⋆ g = (f ⊗ g)Γ ∈ L1(G)
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on L1(G). The convolution actions x ⋆ µ := (ι ⊗ µ)Γ(x) and µ ⋆ x := (µ ⊗ ι)Γ(x) are normal completely
bounded maps on L∞(G).
We denote by C0(G) the reduced quantum group C
∗-algebra , which is a weak∗ dense C∗-subalgebra of
L∞(G). LetM(G) denote the operator dual C0(G)
∗. There exists a completely contractive multiplication
on M(G) given by the convolution
⋆ : µ⊗ ν ∈M(G) ⊗̂M(G) 7→ µ ⋆ ν = µ(ι⊗ ν)Γ = ν(µ⊗ ι)Γ ∈M(G)
such that M(G) contains L1(G) as a norm closed two-sided ideal.
We denote by Cu(G) the universal quantum group C
∗-algebra of G (see [16] for details). There is a
comultiplication
Γu : Cu(G)→M(Cu(G)⊗min Cu(G)),
and the operator dual Mu(G) = Cu(G)
∗, which can be regarded as the space of all quantum measures on
G, is a unital completely contractive Banach algebra with multiplication given by
ω ⋆u µ = ω(ι⊗ µ)Γu = µ(ω ⊗ ι)Γu .
Moreover, the convolution algebras M(G) and L1(G) can be canonically identified with norm closed
two-sided ideals in Mu(G). Therefore, for each µ ∈Mu(G), we obtain a pair of completely bounded maps
(1.3) mlµ(f) = µ ⋆ f and m
r
µ(f) = f ⋆ µ
on L1(G) with max{‖m
l
µ‖cb, ‖m
r
µ‖cb} ≤ ‖µ‖. The adjoint map Φµ = (m
r
µ)
∗ is a normal completely bounded
map on L∞(G) satisfying the covariance condition
(1.4) Γ ◦ Φµ = (ι⊗ Φµ) ◦ Γ,
or equivalently, Φµ(f ⋆ x) = f ⋆ Φµ(x) for all x ∈ L∞(G) and f ∈ L1(G). We are particularly interested
in the case when µ is a state in Mu(G). In this case, Φµ is unital completely positive, i.e., a Markov
operator, on L∞(G).
2. Concrete realization of the Poisson boundary in B(L2(G))
In the following, G denotes a general locally compact quantum group. We write Pu(G) for the set
of all states on Cu(G) (i.e., the ‘quantum probability measures’). We consider the space of fixed points
Hµ = {x ∈ L∞(G) : Φµ(x) = x}. It is easy to see that H
µ is a weak* closed operator system in L∞(G).
In fact, we obtain a natural von Neumann algebra product on this space. Let us recall this construction
for the convenience of the reader (cf. [9, Section 2.5]).
We first define a projection Eµ : L∞(G)→ L∞(G) of norm one by
(2.1) Eµ(x) = w
∗ − lim
U
1
n
n∑
k=1
Φkµ(x)
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with respect to a free ultrafilter U on N. It is easy to see that Hµ = Eµ(L∞(G)), and that the Choi-Effros
product
(2.2) x ◦ y = Eµ(xy)
defines a von Neumann algebra product on Hµ. We note that this product is independent of the choice
of the free ultrafilter U since every completely positive isometric linear isomorphism between two von
Neumann algebras is a ∗-isomorphism. To avoid confusion, we denote by Hµ = (H
µ, ◦) this von Neumann
algebra, and we call Hµ the Poisson boundary of µ.
It follows from [14, Theorem 4.5] that the Markov operator Φµ has a unique weak* continuous (unital
completely positive) extension Θ(µ) to B(L2(G)) such that
(2.3) Γ˜ ◦Θ(µ) = (ι⊗ Φµ) ◦ Γ˜.
Similarly to (2.1) we obtain a projection EΘ(µ) of norm one on B(L2(G)) and a von Neumann algebra
product on HΘ(µ). We denote this von Neumann algebra by HΘ(µ). Our main result (Theorem 2.4) shows
that there is a left G action on Hµ such that HΘ(µ) is *-isomorphic to the von Neumann algebra crossed
product of Hµ by G.
Unlike in the classical and the discrete settings, in the case of general locally compact quantum groups,
the fact that the coproduct induces an action of G on a Poisson boundary is not trivial. So, first we need to
prove this result. For this purpose, we need to recall the Fubini product for weak* closed operator spaces
on Hilbert spaces. Suppose that V and W are weak∗ closed subspaces of B(H) and B(K), respectively.
We define the Fubini product of V and W to be the space
V ⊗F W = {X ∈ B(H)⊗B(K) : (ω⊗ ι)(X) ∈W and (ι⊗φ)(X) ∈ V for all ω ∈ B(H)∗, φ ∈ B(K)∗}.
In this case, V∗ = B(H)∗/V⊥ and W∗ = B(K)∗/W⊥ are operator preduals of V and W , respectively.
It is known from [23, Proposition 3.3] (see also [3] and [4, §7.2]) that the Fubini product V ⊗F W is a
weak∗ closed subspace of B(H ⊗ K) such that we have the weak∗ homeomorphic completely isometric
isomorphism
(2.4) V ⊗F W = (V∗⊗ˆW∗)
∗,
where V∗⊗ˆW∗ is the operator space projective tensor product of V∗ and W∗. In particular, if M and N
are von Neumann algebras, the Fubini product coincides with the von Neumann algebra tensor product,
i.e., we have
M ⊗F N =M ⊗N.
It is also known from operator space theory that there is a canonical completely isometrically identifi-
cation
(2.5) (V∗⊗ˆW∗)
∗ = CB(V∗,W )
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given by the left slice maps. Now, if W1 and W2 are dual operator spaces and Ψ : W1 → W2 is a
(not necessarily weak* continuous) completely bounded map, we can apply (2.4) and (2.5) to obtain a
completely bounded map
ι⊗Ψ : V ⊗F W1 → V ⊗F W2
such that
(ω ⊗ ι)(ι ⊗Ψ)(X) = Ψ((ω ⊗ ι)(X))
for all X ∈ V ⊗F W1 and ω ∈ V∗. It is easy to see that we have ‖ι⊗Ψ‖cb = ‖Ψ‖cb, and if Ψ is a completely
isometric isomorphism (respectively, completely contractive projection) then so is ι⊗Ψ.
Now since Hµ and Hµ = (H
µ, ◦) have the same predual, the identity map ιµ is a weak
∗ homeomorphic
and completely isometric isomorphism from the weak∗ closed operator system Hµ onto the von Neumann
algebra Hµ. So we obtain the weak* homeomorphic and completely isometric isomorphism
ι⊗ ιµ : L∞(G)⊗F H
µ → L∞(G)⊗F Hµ.
Since both L∞(G) and Hµ are von Neumann algebras, we can identify L∞(G)⊗F Hµ with the von
Neumann algebra L∞(G)⊗Hµ. We note that since Eµ is a (not necessarily normal) projection of norm one
from L∞(G) onto H
µ ⊆ L∞(G), the map ι⊗Eµ defines a projection of norm one from L∞(G)⊗L∞(G) =
L∞(G)⊗F L∞(G) onto L∞(G)⊗F H
µ ⊆ L∞(G)⊗L∞(G) and thus induces a Choi-Effros product such
that L∞(G)⊗F H
µ becomes a von Neumann algebra. It turns out that (up to the above identification)
this von Neumann algebra is exactly equal to L∞(G)⊗Hµ.
Proposition 2.1. For any µ ∈ Pu(G) the restriction of Γ to Hµ induces a left action Γµ of G on the von
Neumann algebra Hµ.
Proof. Let us first show that Γ(Hµ) ⊆ L∞(G)⊗F H
µ. Given x ∈ Hµ and f ∈ L1(G), we have
Φµ
(
(f ⊗ ι)Γ(x)
)
= (f ⊗ ι)(ι ⊗ Φµ)Γ(x) = (f ⊗ ι)Γ(Φµ(x)) = (f ⊗ ι)Γ(x).
This shows that (f ⊗ ι)Γ(x) is contained in Hµ for all f ∈ L1(G). On the other hand, we clearly have
(ι⊗ g)Γ(x) ∈ L∞(G) for all g ∈ (Hµ)∗. Hence, Γ(x) ∈ L∞(G)⊗F H
µ.
It is clear that Γ |Hµ : H
µ → L∞(G)⊗F H
µ is a normal injective unital completely positive isometry.
This induces the map Γµ : Hµ → L∞(G)⊗Hµ given by Γµ = (ι⊗ ιµ) ◦ Γ ◦ ιµ
−1. It suffices to show
that Γµ is an algebra homomorphism with respect to the corresponding Choi-Effros products on Hµ and
L∞(G)⊗F Hµ. Given x, y ∈ Hµ, we now use (2.1) and (2.2) to obtain that
Γµ(x ◦ y) = Γ(Eµ(xy)) = Γ(w
∗ − lim
U
1
n
n∑
k=1
Φkµ(xy)) = w
∗ − lim
U
1
n
n∑
k=1
Γ(Φkµ(xy))
= w∗ − lim
U
1
n
n∑
k=1
(ι⊗ Φkµ)(Γ(xy)) = (ι⊗ Eµ)(Γ(x)Γ(y))
= Γµ(x) ◦ Γµ(y) ∈ L∞(G)⊗Hµ.
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Since Γ is a comultiplication on L∞(G), it is clear that Γµ satisfies
(ι ⊗ Γµ) ◦ Γµ = (Γ⊗ ι) ◦ Γµ.
So Γµ defines a left action. 
As we discussed above, we have a projection EΘ(µ) of norm one from B(L2(G)) onto H
Θ(µ) and obtain
the Choi-Effros von Neumann algebra product on HΘ(µ) given by
X ◦ Y = EΘ(µ)(XY )
for X,Y ∈ HΘ(µ) = (H
Θ(µ), ◦). It is easy to see that the restriction of EΘ(µ) to L∞(G) is equal to Eµ
and Hµ is a von Neumann subalgebra of HΘ(µ). Recall that Γ˜ denotes the comultiplication on B(L2(G))
defined in (1.1).
Proposition 2.2. For any µ ∈ Pu(G) the restriction of Γ˜ to HΘ(µ) induces a normal injective unital
∗-homomorphism
Γ˜Θ(µ) : HΘ(µ) → B(L2(G))⊗Hµ
between von Neumann algebras. Moreover, the restriction of Γ˜Θ(µ) to Hµ is equal to Γµ.
Proof. For any x ∈ HΘ(µ), we have Γ˜(x) ∈ B(L2(G))⊗L∞(G). We can apply (2.3) to get
Φµ
(
(ω ⊗ ι)Γ˜(x)
)
= (ω ⊗ ι)(ι ⊗ Φµ)Γ˜(x) = (ω ⊗ ι)(Γ˜(Θ(µ)(x))) = (ω ⊗ ι)(Γ˜(x))
for all ω ∈ B(L2(G))∗. This shows that Γ˜(HΘ(µ)) ⊆ B(L2(G))⊗F Hµ = B(L2(G))⊗Hµ. The rest of proof
is similar to that given in the proof of Proposition 2.1. 
For µ ∈ Pu(G), let Γµ be the left action of G on the von Neumann algebra Hµ given in Proposition
2.1. The crossed product G ⋉Γµ Hµ is defined to be the von Neumann algebra
G⋉Γµ Hµ = [Γµ(Hµ) ∪ (L∞(Gˆ)⊗ 1)]
′′
in B(L2(G))⊗Hµ. The following result, which is crucial for us, even holds in the setting of measured
quantum groupoids (cf. [5, Theorem 11.6]).
Theorem 2.3. Let µ ∈ Pu(G). Denote by χ the flip map χ(a⊗ b) = b⊗ a. Then
β : x ∈ B(L2(G))⊗Hµ → (σV
∗σ ⊗ 1)
(
(χ⊗ ι)(ι ⊗ Γµ)(x)
)
(σV σ ⊗ 1) ∈ L∞(G)⊗B(L2(G))⊗Hµ
defines a left action of G on the von Neumann algebra B(L2(G))⊗Hµ, and we have
G⋉Γµ Hµ = (B(L2(G))⊗Hµ)
β ,
where (B(L2(G))⊗Hµ)
β = {y ∈ B(L2(G))⊗Hµ : β(y) = 1⊗ y} is the fixed point algebra of β.
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Now we can prove the main theorem of this paper. Applied to the case G = L∞(G), even without the
assumption of second countability, our theorem yields [13, Proposition 6.3] which provided the answer
to Izumi’s original question. Specializing to the case G = V N(G), our result implies the main theorem
of [20] where it was assumed either that G has the approximation property, or µ belongs to the Fourier
algebra A(G) = L1(G).
Theorem 2.4. Let G be a locally compact quantum group and let µ ∈ Pu(G). The induced map
Γ˜Θ(µ) : HΘ(µ) → B(L2(G))⊗Hµ
defines a von Neumann algebra isomorphism between HΘ(µ) and G⋉Γµ Hµ.
Proof. Since V ∈ L∞(Gˆ)
′⊗L∞(G), it is easy to see from (1.1) and (2.3) that we have
Θ(µ)(xˆ)⊗ 1 = V ∗
(
Γ˜(Θ(µ)(xˆ))
)
V = V ∗
(
ι⊗ Φµ)(V (xˆ⊗ 1)V
∗)
)
V = xˆ⊗ 1
for all xˆ ∈ L∞(Gˆ). This shows that xˆ ∈ HΘ(µ) and
xˆ⊗ 1 = Γ˜(xˆ) = Γ˜Θ(µ)(xˆ) ∈ Γ˜Θ(µ)(HΘ(µ))
for all xˆ ∈ L∞(Gˆ). Moreover, since Hµ ⊆ HΘ(µ) and the restriction of Γ˜Θ(µ) to Hµ is equal to Γµ, we
obtain
Γµ(Hµ) = Γ˜Θ(µ)(Hµ) ⊆ Γ˜Θ(µ)(HΘ(µ)).
Since Γ˜Θ(µ) is a unital ∗-homomorphism from HΘ(µ) into B(L2(G))⊗Hµ, this implies that
G⋉Γµ Hµ = (Γµ(Hµ) ∪ (L∞(Gˆ)⊗ 1))
′′ = Γ˜Θ(µ)((Hµ ∪ L∞(Gˆ))
′′) ⊆ Γ˜Θ(µ)(HΘ(µ)).
Conversely, let x ∈ HΘ(µ). Then Γ˜Θ(µ)(x) ∈ B(L2(G))⊗Hµ and
β(Γ˜Θ(µ)(x)) = (σV
∗σ ⊗ 1)
(
(χ⊗ ι)(ι ⊗ Γ˜)(Γ˜Θ(µ)(x))
)
(σV σ ⊗ 1)
= (σV ∗σ ⊗ 1)
(
(σ ⊗ ι)(Γ˜ ⊗ ι)(Γ˜Θ(µ)(x))(σ ⊗ ι)
)
(σV σ ⊗ 1)
= (σV ∗ ⊗ 1)
(
(V ⊗ 1)(Γ˜Θ(µ)(x)13)(V
∗ ⊗ 1)
)
(V σ ⊗ 1)
= (σ ⊗ 1)(Γ˜Θ(µ)(x)13)(σ ⊗ 1) = 1⊗ Γ˜Θ(µ)(x).
Therefore, we have
Γ˜Θ(µ)(x) ∈ (B(L2(G))⊗Hµ)
β = G⋉Γµ Hµ
for all x ∈ HΘ(µ). This completes the proof. 
The following result is an immediate consequence of Theorem 2.4.
Corollary 2.5. The crossed product von Neumann algebra G⋉Γµ Hµ is injective.
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As pointed out by Izumi in [10] as a concrete example for the crossed product formula he obtained for
countable discrete groups, in the case of random walks on the free group Fn with respect to the uniform
distribution on the generators, the result yields an identification of the Poisson boundary on the level of
B(ℓ2(Fn)) (n ≥ 2) with the Powers factor of type III1/(2n−1). Moreover, as noted in [10], the crossed
product realization immediately implies amenability of the natural G-action on the Poisson boundary in
the sense of Zimmer. The concept of an amenable action was first introduced by Zimmer [28] in the context
of a measure class preserving action of a locally compact second countable group on a standard Borel
space. It was subsequently shown that if G is a second countable locally compact group and α : Gy X
is a measure class preserving action of G on a standard probability space (X, ν), then α is an amenable
action if and only if the crossed product G⋉α L∞(X, ν) is injective. This was generalized to the case of
actions of locally compact groups on von Neumann algebras by Anantharaman-Delaroche [1]. From this
perspective, our result suggests that injectivity of the crossed product may provide a notion of ‘Zimmer
amenability’ of a quantum group action. We note that a concept of (topologically) amenable actions for
discrete quantum groups G in the C∗-algebra framework was defined by Vaes–Vergnioux in [27]. It is
shown in [27, Proposition 4.4] that topological amenability of the action on a unital nuclear C∗-algebra
entails nuclearity of the (reduced) C∗-crossed product.
Our proof of Theorem 2.4 gives a simple way to obtain the following.
Proposition 2.6. Let G be a discrete group. Then the following are equivalent:
(i) G is exact;
(ii) for every probability measure µ on G, the reduced C∗-algebra crossed product G⋉ΓµHµ is nuclear;
(iii) for some probability measure µ on G, the crossed product G⋉Γµ Hµ is nuclear.
Proof. (i) ⇒ (ii): Denote Rµ := EΘ(µ)(UC
∗(G)). Since EΘ(µ)(a) = Eµ(a) for all a ∈ ℓ∞(G), and
EΘ(µ)(aˆ) = aˆ for all aˆ ∈ C
∗
r (G), it follows from the proof of Theorem 2.4 that
(2.6) Rµ = Γ˜
−1
Θ(µ)(G⋉Γµ Hµ) .
Moreover, we have Rµ ⊆ UC
∗(G), and hence EΘ(µ) restricts to a unital completely positive idempotent
on UC∗(G). Since G is exact, the uniform Roe algebra UC∗(G) is nuclear [21]. Now it is easy to see from
the completely positive factorization property
Rµ →֒ UC
∗(G)→ Mn(α) → UC
∗(G) → Rµ
that Rµ (with its Choi–Effros product) is also nuclear. But by (2.6), Γ˜Θ(µ) induces a completely isometric
order isomorphism of the operator systems Rµ ∼= G⋉Γµ Hµ. Hence the latter is nuclear.
(ii) ⇒ (iii): Obvious.
(iii) ⇒ (i): This follows from the fact that C∗r (G) ⊆ G⋉Γµ Hµ. 
Ozawa proved in [21] that a discrete group G is exact if and only if its action on the Stone–Cˇech
compactification βG is amenable; equivalently, G admits an amenable action on some compact space.
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However, if G acts amenably on βG, of course it does not need to do so on an arbitrary compact space
(indeed, amenability of the trivial action on a one-point set is equivalent to amenability of the group
itself). Since βG is often too large to be useful in applications, it is interesting to find “smaller” amenable
G-spaces, when they exist. This motivated the above result.
Finally, one may compare Proposition 2.6 with the following characterization of the amenability, due
to Kaimanovich–Vershik [15] (see also [22] for non-discrete groups); note that the implication (ii) ⇒ (i)
follows immediately from Proposition 2.6.
Theorem 2.7. Let G be a countable discrete group. Then the following are equivalent:
(i) G is amenable;
(ii) Hµ = C1 for some probability measure µ on G.
We remark that requiring condition (ii) to hold for all adapted probability measures µ on G (i.e., such that
the subgroup generated by the support of µ is dense in G) is a much stronger property than amenabil-
ity, called the Liouville property; there exist even solvable groups without the Liouville property [15,
Proposition 6.1].
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